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ABSTRACT
In this work, we pave the route towards the engineering of strong and spectrally sharp Fano resonances in
plasmonic nanostructures and derive analytical formulas for their line shape as a function of their electromagnetic
response. Contrary to the original work of Fano, the formalism proposed here includes losses in the materials
composing the system. As a result, a more general formula is obtained for the response of the system and
general conclusions for the determination of the resonance parameters are drawn, in particular on its width and
asymmetry. Using a surface integral simulation technique for electromagnetic scattering on three-dimensional
individual and periodic nanostructures, we numerically validate our model for structures that are currently
under extensive investigation in the plasmonic and metamaterial communities. The insights into the physical
comprehension of Fano resonances gained this way will be of great interest for the design of plasmonic sensing
platforms and metamaterials.
Keywords: Plasmons, Fano Resonances, Electromagnetically-Induced Transparency, Surface Integrals, Method
of Moments

1. INTRODUCTION
Asymmetric resonances display unique features, compared to their symmetric Lorentzian counterpart, and are
currently the subject of considerable research eﬀorts in photonic and plasmonic nanostructures. Fano resonances
exhibit a very strong sensitivity to changes of the local environment as well as a sharp spectral dispersion.1, 2 In
plasmonics, they arise when a non-radiative (dark) mode interacts with a radiative (bright) mode. The control
of their line shape for each speciﬁc application remains a challenging task, and requires a theory to understand
the underlying physical mechanisms. Numerical and experimental data are usually ﬁtted and analyzed with the
two coupled mechanical oscillators3, 4 or other intuitive phenomenological models.5–9 As result, it is for example
not well understood in a realistic plasmonic system composed of several interacting particles how the individual
modes and their coupling aﬀect the overall Fano–like resonance of the system.
In this work, we pave the route towards the engineering of strong and spectrally sharp Fano resonances in
plasmonic nanostructures and metamaterials. From an ab initio theory for asymmetric resonances,10 we derive
analytical expressions for the resonance parameters and discuss how they are inﬂuenced by the electromagnetic
interactions between the individual modes. In Section 2, we recall the main results of the electromagnetic theory
of Fano resonances. In Section 3, we derive closed–form expressions for the resonance line shape parameters and
in Section 4 we use these predictions to engineer the optical response of dolmen nanostructures supporting Fano
resonances, which are currently under extensive investigation in the plasmonic and metamaterial communities.

2. ELECTROMAGNETIC THEORY OF FANO RESONANCES
In this section, a general theory for Fano resonances in photonic and plasmonic nanostructures is developed. We
consider the electromagnetic scattering on a dielectric or metallic object in a dielectric background. The scatterer
supports a non-radiative (dark) mode interacting with a continuum of radiative (bright) waves. A harmonic
time-dependence for the ﬁelds E = E0 e−iωt is assumed throughout. The relative dielectric permittivity (r, ω)
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is generally complex and has frequency dispersion. The frequency dependent electric ﬁeld E satisﬁes the wave
equation
ω2
(1)
−1 (r, ω)∇ × ∇ × E(r, ω) − 2 E(r, ω) = 0 .
c
To simplify notation, in the following the dependence of the electric ﬁeld E on ω is kept implicit. Let us assume
that the scatterer permittivity is given by a Drude model with plasma frequency ωp ; the scaling law of Maxwell’s
equations allows then to scale all frequency units by ωp and length units by 2πc/ωp . We introduce the generally
complex and frequency dependent diﬀerential operator Mω deﬁned by
Mω E(r) =

c2
∇ × ∇ × E(r) .
(r, ω)

(2)

The wave equation can be written for a vectorial wave function |E
(Mω − ω 2 I)|E = 0 ,
where I is the identity operator. The inner product is deﬁned by

E1 |E2  = E∗1 (r) · E2 (r)d3 r .

(3)

(4)

Following Feshbach, Bhatia and Temkin, we introduce the orthogonal projection operators P and Q splitting
the wave function into a radiative (bright) and a non-radiative (dark) part.11, 12 Any wave function |E can be
decomposed as |E = Q|E + P |E where only P |E satisﬁes the radiation condition. Equation (3) becomes
(Mω − ω 2 I)(Q|E + P |E) = 0 .

(5)

We consider a unique non-radiative mode |Ed , deﬁned to be eigenfunction of the projector to non-radiative
modes Q|Ed  = |Ed , and to satisfy QMω Q|Ed  = zd2 |Ed  and |Ed |Ed |2 = 1. Taking material losses into
d
account, the quantity zd = ωd + iγd is generally complex. Its real part ωd is the mode resonance frequency, and
γd its intrinsic damping. The system is studied in the vicinity of the resonance frequency ωd . In this frequency
range, we assume that the space of eigenfunctions of Q is spanned by |Ed  only,13 so that Q = |Ed Ed |. The
radiative (bright) wavefunction |P Eb  is deﬁned to satisfy the following homogeneous wave equation in the
radiative region:
(6)
(P Mω P − ω 2 )|P Eb  = 0 .
The Green’s function G b of Eq. (6) satisﬁes:
(P Mω P − ω 2 )G b = I .

(7)

Most plasmonic nanostructures and metamaterials are embedded in a dielectric medium, allowing us to assume
that the permittivity is real and non dispersive in the radiative region, and therefore that P Mω is self-adjoint.
The solutions of Eq. (6) form a continuum on which the Green’s function G b of Eq. (6) can be expanded:
1
Gb = P
π



dω 

|P Eb (ω  )P Eb (ω  )|
,
ω 2 − ω 2

(8)

where P denotes the Cauchy principal value of the integral. The expression of the Green’s function in Eq. (8)
depends on the normalization of the continuum |P Eb . It can be shown that the total ﬁeld, as a solution of
Eq. (3), is a combination of the dark mode with the continuum of radiative waves. It satisﬁes:10
|Ẽ = |P Eb  +

Ed |Mω |P Eb 

zd2 − ω 2 + ωd Δ

(G b P Mω |Ed  − |Ed ) ,

(9)

where
Δ = −Ed |Mω P G b P Mω |Ed /ωd .
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(10)

The wavefunction |Ẽ is related to |E but does not have the same asymptotic behavior. The wavefunction |E
must have the same norm as P |Eb  in the far-ﬁeld (i.e. |P |E|2 = |P |Eb |2 ). With the explicit expression of the
Green’s function [Eq. (8)] and using the residue theorem, one obtains From Eq. (9):


|Ed |Mω |P Eb |2
i .
(11)
|P Ẽ = |P Eb  1 −
2ω(zd2 − ω 2 + ωd Δ)
Let us deﬁne the intrinsic damping parameter:
Γi =

|Ed |Mω |P Eb |2 γd ωd
ω(ωd2 − ω 2 + ωd Δ)2

the resonance width:
Γ=
and the reduced frequency:

|Ed |Mω |P Eb |2
2ω(1 − Γi )

,

(12)

,

(13)

κ = (ω 2 − ωd2 − ωd Δ)/Γ .

(14)

In order for |E to have the same normalization in the far-ﬁeld as |Eb , it is related to |Ẽ by
|E = cos η|Ẽ/(1 − Γi ) ,

(15)

where cotan η = κ, considering γd  ωd and neglecting any second order contribution. We have P |E =
P |Eb  exp(iη), meaning that the phase of |E shifts rapidly by ∼ π in a frequency region Γ around the resonance
position ωd2 + ωd Δ. The parameters ωd and Δ determine its spectral position. Its width Γ is inﬂuenced by the
ﬁeld overlap between the continuum |P Eb  and the non-radiative mode |Ed , which is a direct eﬀect of their
interference. We consider now a transition operator T from an initial state |g to a ﬁnal state |Ẽ, which can be
interpreted as the response of an optical system to an external excitation, such as the Local Density of States
(LDOS),14 the forward scattering cross-section15 or the reﬂectance of a two-dimensional array. From Eq. (9):
|Ed |Mω |P Eb |2
g|T |Ẽ
=1−
q,
2
g|T |P Eb 
2ω(zd − ω 2 + ωd Δ)(1 − Γi )
with
q = 2ω(1 − Γi )

g|T |Ed − g|T G b P Mω |Ed 
(Ed |Mω |P Eb )∗ g|T |P Eb 

.

(16)

(17)

The parameter q is given by the ratio between the optical response of the perturbed non-radiative mode and the
continuum. Assuming q is real, one gets from Eqs. (15) and (16) the ratio of the optical response of the total
ﬁeld |E to the one of the continuum |P Eb :
σ=

|g|T |E|2
(κ + q)2 + b
,
=
a
|g|T |P Eb |2
κ2 + 1

(18)

where b = κ2 Γ2i q 2 (1 − Γi )−2 and a = (1 − Γi )−2 . Equation (18) introduces a family of line shapes as shown in
Fig. 1, with an additional parameter b describing the resonance contrast.10

3. DARK AND BRIGHT MODES INTERFERENCE
The continuum of radiative waves |P Eb  is usually generated from a bright plasmon mode. In this particular
case, each resonance parameter in Eq. (18) has a closed–form expression which will be derived in this section.
These expressions reveal how the diﬀerent resonance parameters are inﬂuenced by the individual modes and
their coupling.
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Figure 1. Resonance shape function σ/a as a function of the reduced frequency κ = (ω 2 − ωd2 − ωd Δ)/Γ for diﬀerent values
of the asymmetry parameter q and the screening parameter b [Eq. (18)].

It is assumed that all the parameters are independent of the frequency in a spectral region around the
resonance, and can be evaluated at ωd . From Eqs. (8) and (10), the Fano resonance frequency shift from ωd is
given by the following integral:

|P Eb (ω  )|M|Ed |2
1
P dω 
(19)
Δ = −
πωd
ω 2 − ωd2

|P Eb (ωs )|M|Ed |2 Γ2s
1
,
(20)
P dω  2
= −
2
2
πωd
(ω − ωd )[(ω − ωs2 )2 + Γ2s ]
where ωs is the bright mode’s resonance frequency and Γs its resonance width. In order to calculate this integral,
we assume that ω  is a complex variable. The integration path in the complex plane is a closed
path following
the real axis and a half circle of inﬁnite radius on the lower complex plane, including poles at ωs2 + iΓs and
ωd . Using the residue theorem, one obtains:
Δ=

c2 (ωd2 − ωs2 )Γs
,
− ωs2 )2 + Γ2s ]

2ωd2 [(ωd2

(21)

where c = |P Eb (ωs )|M|Ed | is the coupling strength between the dark and bright modes. The sign of Δ
is determined by the frequency diﬀerence between the two modes, and its magnitude linearly depends on the
coupling strength, which is a signature of weak coupling. From Eqs. (12) and (21), the intrinsic damping
parameter Γi becomes:
4γd [(ωd2 − ωs2 )2 + Γ2s ]ωd2
.
(22)
Γi =
c2 (ωd2 − ωs2 )2
The magnitude of Γi is driven by the ratio γd /c2 , meaning that the eﬀect of intrinsic losses is critical if the
coupling between the dark and bright modes is not suﬃcient. From Eq. (13), the resonance width becomes:
Γ=

c2 Γ2s
.
2ωd [(ωd2 − ωs2 )2 + Γ2s ](1 − Γi )

(23)

It is determined by the coupling strength between the modes and also aﬀected by the intrinsic damping parameter
Γi . The asymmetry parameter q depends on a transition element T , which we consider from now one to describe
the reﬂectance of an array of nanostructures. In these conditions, the dark mode is characterized by g|T |Ed = 0.
A similar integral as in Eq. (19) is calculated to obtain an analytical expression for the asymmetry parameter:
q = (1 − Γi )

ωd2 − ωs2
,
Γs

(24)

which is also a function of the frequency detuning between the two modes. For other transition elements,
the resulting expression for the q parameter would be diﬀerent (Section 2). In addition, the parameter Γi is
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Figure 2. Reﬂectance of dolmen-type plasmonic nanostructures at normal illumination. The dolmens are arranged in a
two–dimensional array of period 500 nm and placed in vacuum. The material is chosen to satisfy Drude model with
plasma frequency ωp = 1.37 × 1016 s−1 and damping γ. (a) Discretization and geometry of the unit cell with dimensions
w = 40 nm, l0 = 160 nm, t = 80 nm and l2 = 300 nm. (b) to (e): black dashed-numerical simulations; gray-ﬁt with
Eq. (26); black-background resonance with parameters A, ωs and Γs extracted from the ﬁt. The following values of the
ﬁtting parameters are obtained: (b) A = 1.00, ωs = 1.28 eV, Γs = 0.31 eV2 , ωa = 1.08 eV, Γa = 0.07 eV2 , q = −0.94,
and b=0.30 ; (c) A = 0.93, ωs = 1.27 eV, Γs = 0.33 eV2 , ωa = 1.12 eV, Γa = 0.05 eV2 , q = −0.37, and b=0.66 ; (d)
A = 1.00, ωs = 1.25 eV, Γs = 0.33 eV2 , ωa = 1.55 eV, Γa = 0.08 eV2 , q = 1.30, and b=0.15 ; (e) A = 1.00, ωs = 1.29 eV,
Γs = 0.31 eV2 , ωa = 1.08 eV, Γa = 0.08 eV2 , q = −0.87, and b=0.40.

responsible for damping in case of high losses or low coupling. Other components of intrinsic losses are described
by the screening parameter b:
b=4

γd2 q 2
16γd2 (1 − Γi )2 ωd4 [(ωd2 − ωs2 )2 + Γ2s ]2
=
.
Δ2
Γ4s c4

(25)

The screening parameter is mainly inﬂuenced by the ratio γd2 /c4 . If the coupling between the two modes is too
weak compared to intrinsic losses, the parameter b increases, which in turn screens the Fano resonance (Fig. 1).

4. OPTICAL RESPONSE OF DOLMEN NANOSTRUCTURES
As seen in Section 3, the resonance parameters are determined by the modes resonance frequency and damping,
as well as by their coupling. In this section, we illustrate these eﬀects by numerical calculations, and show how
the line shape of Fano–like resonances can be controlled in plasmonic nanostructures. We consider an array of
dolmen-type plasmonic nanostructure made of three metallic beams arranged as in Fig. 2(a). The two parallel
beams support a quadrupolar dark mode, while the third perpendicular beam supports a dipolar bright mode.
The interference between the two modes leads to a Fano–like resonance.16–20 In Fig. 2(b) to (e), the reﬂectance
spectra of an array of dolmen nanostructures are calculated with a surface integral formulation method for
periodic nanostructures.21, 22 In order to compute reﬂectance spectra, the scattered electric ﬁeld is sampled
suﬃciently far away from the array. The spectra are ﬁtted with the following analytical expression, describing
the modulation of the bright mode’s reﬂectance by the asymmetric line shape of Eq. (18):
R(ω) =



A2 Γ2s
(ω 2 −

2
ωs2 )

+ Γ2s

ω 2 − ωa2 + qΓ
(ω 2 −

2
ωa2 )
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2

+ bΓ2

+ Γ2

(26)

The ﬁt is performed by variation of the 7 parameters A, ωs , Γs , ωa , Γa , q and b. In order to fulﬁll energy
conservation, the amplitude A of the bright mode’s reﬂectance is constrained to values inferior to 1. The
parameters A, ωs and Γs are used in Fig. 2(b) to (e) to reconstruct the symmetric resonance of the bright mode.
The total reﬂectance clearly appears as an asymmetric modulation of the bright mode’s resonance. We will now
discuss how this modulation can be engineered with geometrical and physical parameters in the structure.
The central frequency ωa is determined by the dark mode resonance frequency ωd and the coupling shift Δ
[Eq. (21)]. In Fig. 2(d), the pair of beams has been made shorter as compared to Fig. 2(b) in order to increase
ωd . The asymmetric modulation is then blue–shifted to the other shoulder of the bright mode’s resonance. The
coupling between the dark and bright modes is tuned with the gap distance between the beams pair and the
individual beam. In Fig. 2(c), the two modes are moved further apart, which decouples the two modes and in
turn shifts the modulation frequency ωa to higher values. On the other hand, the bright mode’s frequency has
the opposite behavior, which is a signature of weak coupling. In the far–ﬁeld, the asymmetry parameter is a
function of the frequency detuning between the two modes [Eq. (24)]. In Fig. 2(d), the dark mode’s resonance
frequency ωd is shifted to the high frequency shoulder of the bright mode’s resonance. As a result, the asymmetry
parameter ﬂips its sign from negative to positive values, compared to Fig. 2(c).
The resonance width Γ is mainly determined by the modes coupling strength c [Eq. (23)], which can be seen
in Fig. 2(c) where decoupling the modes renders the modulation sharper. The quantity c also appears in a ratio
γd /c2 with the intrinsic losses constant (as the imaginary part of the dark mode’s resonance frequency) in the
asymmetry and screening parameters. As an eﬀect, if the intrinsic losses are too large compared to the coupling,
the resonance is screened and cannot be observed. Quantitatively, the screening parameter b increases and the
asymmetry parameter q vanishes from Fig. 2(b) to Fig. 2(c) where the two modes are decoupled. Another eﬀect
of the ratio γd /g 2 is observed when increasing the constant γd [Fig. 2(e)]: The modulation depth and asymmetry
parameter decrease, while the width of the resonance increases, as predicted by the analytical expressions in
Section 3. In order to obtain a strong and sharp Fano resonances, both the screening parameters and the
spectral width have to be engineered. This can be done by controlling the modes coupling and the intrinsic
losses in the structure.

5. CONCLUSION
We have derived from Maxwell’s equations an analytical expression for Fano resonances in plasmonic nanostructures and metamaterials using Feshbach formalism. This theory relies on the interference between a radiative
(bright) mode and non-radiative (dark) mode established in the entire system. An asymmetric line shape is
derived for the response of the system, characterized by four parameters which are controlled by the dark and
bright mode’s resonance frequencies and coupling strength, as well as intrinsic losses. These parameters are the
resonance frequency, the spectral width, the asymmetry parameter and the screening parameter. The behavior
of these parameters has been veriﬁed by ﬁtting the analytical formula to numerical simulations in dolmen nanostructures. This work enables the control of the line shape of asymmetric resonances in plasmonic systems based
on Maxwell’s equations. The insights into the physical comprehension of Fano resonances gained this way will
be of great interest for the design of plasmonic sensing platforms and metamaterials.
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