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Abstract: We study the plasmon resonances of 10 − 100 (nm) twodimensional metal particles with a non-regular shape. Movies illustrate
the spectral response of such particles in the optical range. Contrary to
particles with a simple shape (cylinder, ellipse) non-regular particles exhibit many distinct resonances over a large spectral range. At resonance
frequencies, extremely large enhancements of the electromagnetic ﬁelds
occur near the surface of the particle, with amplitudes several hundredfold that of the incident ﬁeld. Implications of these strong and localized
ﬁelds for nano-optics and surface enhanced Raman scattering (SERS)
are also discussed.
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1. Introduction
Small metal particles are known to exhibit resonant behavior at optical wavelengths.
The extremely large electromagnetic ﬁeld enhancements associated with these plasmon resonances are of great importance for nanoscience: In surface enhanced Raman
scattering (SERS) [2,3] they play a key role in the ampliﬁcation of the Raman signal of
molecules adsorbed on rough metal particles [4–7]. In near ﬁeld optical microscopy, they
can provide a strong, well-deﬁned and localized light source to investigate subwavelength
structures [8]. While metallic nanoparticles produced by standard techniques (e.g., colloidal or evaporation) can have a broad variety of shapes, an accurate and complete
description of the electromagnetic modes associated with such particles has not been
available [9,10]. Such a description is particularly relevant to forward our understanding
of SERS, which appears to be critically dependent on the detailed shape, material composition and conﬁguration of the underlying metal nanoparticles. As the electromagnetic
ﬁeld enhancements of scatterers with spherical shape cannot explain the experimentally
observed enhancement factors in SERS, the study of particles with arbitrary shape, as
well as clusters of interacting particles, is of great importance [11].
In this paper we study the plasmon resonances of metal particles in the 10−100 (nm)
range. Special attention is focussed on this range for three reasons: First, it is known
from the analytic solution that the ﬁeld enhancement at resonance is maximized for
spherical particles with diameters in this range; we assume (and will show) that this is
also valid for non-spherical particles. Second, the experimentally observed enhancement
in SERS is the largest for nanoparticle dimensions of this scale. Third, technology is now
reaching the state where particles of this size can be produced in a controlled manner
[12–14].
2. Model
The plasmon resonances of nanoparticles can be investigated using Maxwell’s equations
[11]. As metals exhibit frequency dispersion, the permittivity varies with wavelength.
For metals such as silver and gold, the permittivity can assume negative values at
optical frequency. The underlying microscopic mechanism that leads to this negative
permittivity is the interaction of the electromagnetic ﬁeld with the conduction electrons.
For speciﬁc negative values of the permittivity, which depend on the size and shape
of the particle, an external electromagnetic ﬁeld can produce a resonantly enhanced
polarization, leading to large scattering cross sections (SCS) and large electromagnetic
ﬁelds near the particle. These distinct resonances are known as the surface polariton
modes, or plasmon resonances of the particle. As we will see, diﬀerent bounding surfaces
have a strong impact on these plasmon resonances.
Since our focus here is the inﬂuence of the surface on the plasmon resonances, we do
not consider further the fundamental processes that give rise to the dispersion, but rather
use experimental values as obtained by Johnson and Christie [15]. Silver particles in the
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10−100 (nm) size range, as investigated in this study, are well described with the bulk
permittivity [16]. It is only for particles smaller than 10 (nm) that electron scattering
at the particle boundary impinges on the conduction electrons mean free path. This
however hardly inﬂuences the real part of the permittivity for silver nanoparticles, even
below 10 (nm), and only increases the imaginary part of epsilon [11,16].
We investigate two-dimensional (2D) silver scatterers, illuminated with a transverse
electric (TE) wave, where the electric ﬁeld component lies in the plane of the ﬁgures. (In
the transverse magnetic (TM) case, where the magnetic ﬁeld is in the plane, plasmon
resonances are not excited.) A 2D structure corresponds to an inﬁnitely long structure
in the third (not shown) dimension.
For our numerical simulations we use a recently developed ﬁnite elements solution
of the volume integral equation [17]. The key point is a new regularization scheme that
ensures a very high accuracy. Such an accuracy is mandatory for studying resonances
numerically, because at the resonance a small change of the system parameters leads
to a large change in the system response. We refer the reader to Ref. [17], where this
numerical technique is described in detail and its accuracy assessed. The scatterers
presented here are discretized with several thousand triangular elements.
Nanoparticles with triangular cross-sections are an exemplary case of non-regular
particles. Triangular particles are interesting as they exhibit several complex phenomena, including multiple plasmon resonances, a longitudinal (bulk) plasmon mode, and a
very large and localized ﬁeld enhancement at the sharp tips [18]. To more closely match
realistic particles, as well as to avoid numerical diﬃculties, we rounded oﬀ each corner
of a particle by 0.25 (nm). For diﬀerent geometries, we show the SCS as a function of the
wavelength between 300 (nm) and 600 (nm). Since the extreme near ﬁeld is of speciﬁc
importance for SERS, we present detailed color maps of the ﬁeld amplitude versus excitation wavelength in movies, with the wavelength as “time axis”. To ease comparison,
the same color map for the ﬁeld amplitude is used throughout the paper.
3. Results

Scattering cross section [nm]

Only the plasmon resonances for simple shapes like a cylindrical or elliptical particle have
been studied in detail. To provide a common ground, we ﬁrst consider a 20 (nm)×10 (nm)
elliptical proﬁle. Such an ellipse has two resonances corresponding to the illumination
directions along the major and minor axes. These resonances are shown in Fig. 1, where
the SCS is given as a function of the wavelength for three diﬀerent illumination directions. We see that the resonance at λ = 331 (nm) corresponds to the illumination
direction perpendicular to the minor axis, whereas the larger resonance at λ = 357 (nm)
corresponds to the illumination direction perpendicular to the major axis. For incidence
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Fig. 1. SCS for an ellipse [overall size 20 (nm)×10 (nm)]. Inﬂuence of the propagation
direction.
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Fig. 2. Movies of the ﬁeld amplitude distribution for a 20 (nm) × 10 (nm) ellipse
illuminated along the (a) (01)–direction (609 KB), (b) (10)–direction (589 KB), (c)
(11)–direction (606 KB) in the λ = 300 (nm) . . . 600 (nm) wavelength range. Front
pictures: (a) λ = 357 (nm), (b) λ = 331 (nm), (c) λ = 357 (nm).

in a direction oﬀ either of the symmetry axes, both resonances are excited.
The movies Figs. 2(a)–(c) display the electromagnetic ﬁeld amplitude distribution as
a function of the wavelength, for three diﬀerent illumination directions. The amplitude
of the incident plane wave is one. At the resonances λ = 331 (nm) and λ = 357 (nm) the
ﬁeld distribution inside the ellipse is nearly constant, consistent with the well-known
quasi-static result [11]. In the main resonance at λ = 357 (nm) the ﬁeld amplitude
at close vicinity of the particle reaches 20 times that of the incident ﬁeld. Note also
that for oblique incidence the ﬁeld distributions at the resonances [λ = 331 (nm) and
λ = 357 (nm)] are nearly symmetric with respect to the particle axes. This emphasizes
the dominant role played by the resonances.
Figure 3 shows the SCS for a triangular particle, again for three diﬀerent illumination directions. We observe a much more complex structure, with ﬁve distinct plasmon
resonances that now cover a broader wavelength range, from 329 (nm) to 412 (nm).
As illustrated by the movies in Figs. 4(a)–(c), the ﬁeld distributions associated with
the triangle resonances have a much more complex structure. We observe local ﬁeld
enhancements of up to 200 in the main resonance at 412 (nm) [Fig. 4(a)]. An analysis of the ﬁeld divergence shows that each mode is associated with a diﬀerent surface
polarization charge distribution. In the main resonance at 412 (nm) both corners have
accumulated charge of diﬀerent sign, oscillating within a period, whereas for the resonance at 365 (nm) both negative and positive charges are accumulated near each corner,
which leads to a completely diﬀerent ﬁeld pattern with a more rapid decrease of the
near ﬁeld amplitude just outside of these corners.
Note also that, as for the ellipse, there is a particular illumination direction that max2
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Fig. 3. SCS for a 20 (nm) base right angled isosceles triangular particle for three
diﬀerent incident direction.
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Fig. 4. Movies of the ﬁeld amplitude distribution of the 20 (nm) triangular particle
illuminated along the (a) (11)–direction (775 KB), (b) (10)–direction (772 KB), (c)
(11)–direction (758 KB) in the 300−600 (nm) wavelength range. Front pictures: (a)
λ = 412 (nm), (b) λ = 365 (nm), (c) λ = 363 (nm).

imizes the excitation of each resonance. For example, the main resonance at 412 (nm)
corresponds to the (11)–direction. Illuminating the particle at this wavelength from
another direction leads to a reduction of intensity. Illumination perpendicular to this
direction, as in the movie Fig. 4(c) at 412 (nm), does not lead to the excitation of this
resonance.
Let us emphasize that this strong enhancement is not a lightening rod or tip eﬀect,
but truly a resonance related to the overall particle shape. Lightning rod eﬀect, occurring
when the particle is oﬀ-resonance, provides only a very small amplitude enhancement
as illustrated by the movies in Figs. 4(a)–(c) for λ = 300 (nm).
Although not shown in this paper, there is a phase shift, up to approximately π/4 at
the main resonance between the incident ﬁeld and the scattered ﬁeld near the particle.
This phenomenon is well known from classical mechanics, where such a phase shift is
observed when the driving frequency and the eigenfrequency of the system are close.
In Figure 5 we study the SCS of a right-angled isosceles triangle, illuminated along
the (11)–direction, for diﬀerent particle sizes. Two features, common also to spherical
scatterers, are evident in these SCS plots: First, the red-shift of the resonances increases
with increasing particle size, as can be clearly seen for the main resonance, located at
401 (nm) for the 10 (nm) base triangle, and 458 (nm) for the 100 (nm) particle. Second,
the resonances broaden with increasing size with an accompanying decrease of the near
ﬁeld amplitude at the resonances. Although more resonances are excited for larger particles, the broadening leads to an overlapping of the resonances such that they cannot
be resolved.
For the resonance at 329 (nm) however, we observe no red-shift. This is characteristic
3
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Fig. 5. SCS for right angled isosceles triangular particles illuminated along the (11)–
direction. Four diﬀerent particle sizes are investigated: 10, 20, 50 and 100 (nm) base.
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Fig. 6. Movies of the ﬁeld amplitude distribution for right angled isosceles triangular
particles illuminated along the (11)–direction with (a) 10 (nm) base (712 KB), (b)
20 (nm) base (775 KB), (c) 50 (nm) base (758 KB) in the 300−600 (nm) wavelength
range. The front pictures represent the corresponding main resonance: (a) λ =
401 (nm), (b) λ = 412 (nm), (c) λ = 427 (nm).

of a longitudinal bulk mode (as opposed to a surface mode), the permittivity being close
to zero at this wavelength. Moreover, this resonance exists for all incident directions [see
Figs. 4(a)–4(c)], the ﬁeld maxima being always located in a corner along the illumination
direction. For the surface modes, on the other hand, the ﬁeld maximum is located in a
corner transverse to the illumination direction.
In the movies Figs. 6(a)–6(c) we see that with increasing size the near ﬁeld amplitude
decreases (as the resonance width increases), and that the ﬁeld is more localized towards
the surface of the triangle, as material losses become more important.
In Fig. 7 the SCS is shown for a 10 (nm) base, 20 (nm) perpendicular right angled
triangle. Note the much more complex resonances for such a particle with low symmetry.
These resonances extend over a broader wavelength range, the main resonance being
obtained at λ = 458 (nm).
For (11) incidence, the ﬁeld in the main resonance at 458 (nm) has extremely large
values at the “sharp” corner where it reaches up to 400 times the incident amplitude
[Fig. 8(a)]. In this mode, charge accumulates in the sharp corner, whereas the same
charge amount of diﬀerent sign is distributed over the remaining particle surface. Note
also that in this main resonance the sharp corner acts like a point source, producing
a radial ﬁeld distribution in its vicinity, with a slow decrease of the ﬁeld amplitude
(≈ 1/r). Even at a distance of 10 (nm) from the sharp corner, the near ﬁeld amplitude
is still more than 10 times the incident amplitude.
For the resonance at 392 (nm) we obtain a similar large ﬁeld enhancement at the
sharp corner, however decreasing rapidly outside the particle, like for the resonance of
the 20 (nm) triangle at λ = 365 (nm) [Fig. 4(a)]. Both negative and positive charges
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Fig. 7. SCS for a 10 (nm) base, 20 (nm) perpendicular right angled triangle for three
diﬀerent incident directions.
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Fig. 8. Movies of the ﬁeld amplitude distribution of the 10 (nm) base, 20 (nm) perpendicular right angled triangular particle illuminated along the (a) (11)–direction
(966 KB), (b) (10)–direction (967 KB), (c) (11)–direction (947 KB). Front pictures: (a) λ = 458 (nm), (b) λ = 392 (nm), (c) λ = 364 (nm), movies: (a)–(c):
λ = 300 (nm)...600 (nm).

are accumulated near the corner, leading to a dipole-like ﬁeld behavior in its vicinity,
similar to the resonance of the 20 (nm) triangle at λ = 365 (nm) [Fig. 4(a)].
Again, we observe the weak resonance at 329 (nm) for all three directions of incidence,
corresponding to the bulk mode.
3. Conclusions
Using a triangular particle as our model system, we have shown that non-spherical metal
nanoparticles have a very complex behavior at optical wavelengths, with multiple resonances. These resonances crucially depend on the size and shape of the subwavelength
nanoparticle. We observed that the ﬁeld amplitudes associated with these resonances
can be extremely large, up to several hundred times the incoming ﬁeld amplitude. Furthermore, these large electromagnetic ﬁelds are strongly localized at particular positions
on the particle surface. Such strong ﬁelds can explain the large enhancement factors observed experimentally in SERS, where the Raman signal is proportional – to a ﬁrst
approximation – to the fourth power of the electromagnetic amplitude enhancement.
Simulations of the plasmon resonances for non-spherical particles can provide useful
guidelines for diﬀerent areas of nanoscience where extremely large electromagnetic ﬁelds
– eventually at diﬀerent wavelengths – are required.
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