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Generalized Field Propagator for Arbitrary Finite-Size Photonic Band Gap Structures
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We investigate the properties of photonic band gap structures of finite size and arbitrary geometry
using the density of states deduced from scattering calculations. We first demonstrate this procedure
on a finite 2D array of cylinders and then study at optical frequencies a system formed by a finite
array of finite height cylinders positioned on a substrate and illuminated with an evanescent field.
[S0031-9007(98)08191-5]
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The electromagnetic (EM) properties of infinitely pe
riodic dielectric and metallic systems have been studi
extensively in the context of photonic band gap (PBG
structures [1,2], where powerful numerical methods exi
that take advantage of the periodicity. Any physical re
alization of a PBG structure, however, is finite, and thu
will have electromagnetic properties and phenomena d
tinct from an infinite structure. Such phenomena may i
clude surface modes, sensitivity to boundary terminatio
or band-edge resonances [3–5].

The objective of this Letter is twofold. First, we presen
a new method of computing the EM properties of a finit
PBG structure. Second, we use this approach to study
array of finite-height dielectric cylinders on a substrat
illuminated with an evanescent field. This geometry wa
chosen to demonstrate the versatility of the scatteri
method, since it is a nontrivial three-dimensional finit
system with open boundary conditions. Furthermore, th
configuration is accessible experimentally, requiring on
a single PBG layer which could readily be fabricated b
lithographic methods.

Accurate numerical methods previously reported fo
calculating the properties of finite PBG structures includ
modal method [6], finite difference time domain [7]
transfer matrix [8,9], and repeated supercell [10].

Our method uses a scattering solution to obtain the E
modes and modes density associated with an arbitra
finite PBG region. The scattering solution is based o
the Green’s tensor technique in the frequency domain.

Let us consider a scattering systeḿsr; vd embedded
in an infinite homogeneous background´Bsvd like the
finite sn 3 md lattice of infinite cylinders shown in
Fig. 1(a). We assume harmonic fields with the usu
expf2ivtg dependence. When the system is illuminate
by an incident fieldE0sr; vd, the total electric field
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Esr; vd is a solution of the Fredholm equation of the
second kind,
Esr; vd  E0sr; vd

1
Z

dr0 G0sr, r0; vd ?
v2

c2 D´sr0; vdEsr0; vd ,

(1)
wherec is the speed of light;D´ is the dielectric contrast:
D´sr; vd  ´sr; vd 2 ´Bsvd; and the integration runs
over the entire scatterer volume. The kernelG0 of
Eq. (1) is the Green’s tensor associated with an infinit
homogeneous background́B. The value of this dyadic
for 2D and 3D systems is given in Ref. [11]. SinceG0
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FIG. 1. Geometry of the system under study. (a) Cros
section of a finite sizes4 3 3) 2D array of infinite dielectric
cylinders on a triangular lattice; (b) surface structure compose
by the same array but with finite-height cylinders deposited o
a transparent substrate and illuminated from underneath by to
internal reflection.
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diverges forr  r0 the principal value must be taken in
Eq. (1) as described in Ref. [11].

For simplicity, let us rewrite Eq. (1) in operator notation

E  E0 1 G0 ? D´E . (2)

We recently showed that an alternative form of Eq. (
existed [12],

E  E0 1 G ? D´E0, (3)

where the Green’s tensorG fulfills Dyson’s equation,

G  G0 1 G0 ? D´G , (4)

and forms the basis of the generalized field propagator f
malism introduced in Ref. [12]. The tensorG contains the
entire response of the system under study and provide
powerful way of computing the scattered field for arbitrar
excitations.

To investigate finite-size PBG structures, one can u
the previous formalism to compute the field transmitted
reflected by the structure as a function of the frequen
and identify allowed or forbidden frequency regions from
these data. Alternatively, however, we can compute t
density of states (DOS) directly from the Green’s tens
G, which also functions as an important indicator of ban
gap regions in PBG structures.

In analogy with quantum mechanics [13], the DOS
obtained from the imaginary part of the trace of the Green
tensorG,

DOS , ImhvTrsGdj . (5)

It is important to note that the numerical DOS obtaine
this way is related to the space spanned by the d
cretized geometry used for the calculation ofG. Note
that one can also define a local density of states DOSsrd ,
ImhvGsr, rdj which accounts for the variation of sponta
neous emission at a particular location [14].

To demonstrate the correlation of the DOS with th
band gap regions of a finite PBG structure, we consid
a finites6 3 6d array of cylinders with radiusr, placed on
cture

FIG. 2. 2D PBG structure of infinitely long dielectric cylinderss´  9d in air s´B  1d on a triangular lattice with a filling factor
rya  0.35 and for TM polarization; the corresponding irreducible Brillouin zone is shown in the inset. Left: Band stru
computed for an infinite lattice using plane wave expansion; right: DOS for a finites6 3 6d lattice computed with Eq. (5). Note
the clear correlation between the band gaps (left) and the minima in DOS (right).
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a triangular lattice of perioda [Fig. 1(a)]. We assume that
the cylinders are infinitely long and the field propagates
the plane of Fig. 1(a). Two different polarization mode
exist in such a 2D system: Transverse magnetic (TM
where the electric field is parallel to the cylinders axi
and transverse electric (TE), where it is in the plane
Fig. 1(a).

The TM photonic band structure, computed using th
plane wave method [15], for an infinitely periodic lattic
is given in the left part of Fig. 2. Four different forbidden
regions can be observed. In the right part of Fig. 2 w
present the DOS computed with Eq. (5) for as6 3 6d finite
array. The four different forbidden regions are also clear
evident from these data. Typically, peaks occur in th
DOS at the band edge, as has also been observed fo
infinite triangular lattice [16]. Let us emphasize that th
DOS shown in Fig. 2 is computed for a geometry wit
extremely limited extent; all together, there are only33
cylinders in the system.

To observe band gaps for TE modes, we reduce the fi
ing factor to rya  0.2 [17], leading to a PBG around
v  2pcya. In Fig. 3 we compare the TE band struc
ture for an infinite lattice with the DOS computed for
finite s6 3 6d array. Again, there is excellent agreemen
between the two.

It seems appropriate here to say a few words on t
practical calculation of DOS for TM and TE polarization
using Eq. (5). For TM polarization, the electric field
has only one component,E  Ezez (Fig. 1). Green’s
tensorsG0 andG reduce then to scalar functions. On th
other hand, for TE polarization, the electric field has tw
components:E  Exex 1 Eyey so thatG0 andG become
s2 3 2d matrices [11]. For each polarization,G can be
computed fromG0 using an iterative series of Dyson’s
equations [12] and then DOS obtained by summing t
diagonal elements ofG.

We now present a finite-size PBG structure simila
to that investigated in Fig. 3, but which is amenable
fabrication for use at optical wavelengths.
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FIG. 3. Same situation as in Fig. 2, but for TE polarization and a filling factorrya  0.2.
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Consider a dielectric substrate patterned with ans6 3

6d array of finite-height cylinders [Fig. 1(b)], illuminated
from underneath at a large angle of incidenceui , so that the
field is totally internally reflected (TIR). This illumination
mode generates an evanescent field above the substrate
propagates in the direction parallel to the surface.

From the twos andp illumination polarizations that can
be distinguished in this system [Fig. 1(b)], we will only
consider heres polarization since it corresponds to the TE
polarization of a 2D system. Indeed, fors polarization the
incident field is parallel (and therefore continuous) to a
horizontal interfaces, including at the ends of the finite
height cylinders. Therefore, such a 3D system exhib
behavior similar to a 2D system under TE polarization.

For given permittivitieś and ´B, the location of the
PBG depends only on the filling factorrya. It is therefore
possible, within experimentally realistic limits, to scale th
geometry so that a PBG arises in a particular frequen
region. We take cylinders with radiusr  120 nm and
height h  80 nm on a triangular lattice of perioda 
600 nm. Such dimensions are within the capability o
electron beam lithography or even UV contact lithograph
[18]. The permittivity of the cylinders iś  9, so that this
system is similar to the structure described in Fig. 3, wi
the frequencyv  2pcya corresponding to a wavelength
l  600 nm. For the substrate we takésub  2 which
gives a TIR critical angleui  45±. To ensure that only
an evanescent field is established above the substr
we calculate for a larger angle and takeui  70±. The
incident field is propagating at an anglewi  35± through
the lattice [Fig. 1(a)].

In Fig. 4 we present the field intensity above this finite
size array of cylinders as a function of the illumination
wavelengthl (for convenience a frequency scale simila
to that of Fig. 3 is also shown). The correspondin
surface Green’s tensorG0 is given in Ref. [19]. The
extremely sharp peak atl  693 nm corresponds to the
DOS peak at the lower band edge in Fig. 3. The band g
region betweenl ø 600 700 nm fv ø s2 1.7d spcyadg
is clearly demonstrated in Fig. 4. The behavior of th
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transmitted field above the substrate is quite complex a
will be presented in detail elsewhere.

The intensity sharp peak atl  693 nm corresponds
to extremely strong scattering by the structure, as illu
trated in Fig. 5(a), where we present the field intensi
distribution above the system. Note that the field is sca
tered in a specific geometrical pattern in the regionout-
side of the actual array. The maximum intensity in this
figure is 9.0 times the intensity of the illuminating field
below the surface, which is particularly striking when on
recalls that for TIR illumination only an evanescent field
is established above the surface. The intensity measu
in Fig. 5(a) therefore corresponds to an enhancement
2.7 3 104 compared to the field intensity that would be
observed above a bare surface.

A completely different field distribution is observed a
another wavelength, e.g.,l  600 nm [Fig. 5(b)]. There
the field remains stronglylocalized in the region of the
cylinder array and now reaches an intensity1.3 times that
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FIG. 4. Field intensity above as6 3 6d finite-size surface
structure [Fig. 1(b)], as a function of the illuminating wave
length. Same lattice parameters as in Fig.3. The total fie
intensityI is computed at a constant heightz  500 nm above
the substrate. The intensity of the illuminating field below th
surface (TIR) is equal to 1.
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FIG. 5. Topology of the field intensity above as6 3 6d finite-
size surface structure [Fig. 1(b)]. The intensity is compute
at a constant heightz  500 nm above the substrate for
two different illuminating wavelengths: (a)l  693 nm and
(b) l  600 nm.

incident, which again has to be compared to the evanesc
value of the order of1024.

This strong scattered field remains bound to the surfa
and rapidly decreases when one moves away from t
interface.

Contrary to the extraordinary optical transmission me
sured recently by Ebbesenet al. on subwavelength hole
arrays in metallic films [20] or to former reflection ex-
periments by Kitsonet al. [21], the strong scattering en-
hancement evidenced in our system does not involve a
plasmon resonances, and incorporates only a very limit
number of scatterers.

We believe that finite surface PBG structures under TI
illumination are attractive from several points of view
They constitute open 2D systems, where the topology
the transmitted field can be measured, e.g., by means
optical near-field microscopy [22]. Since the system
open, active components, such as fluorescent molecu
can be placed within the lattice to investigate radiativ
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interaction with the greatly altered DOS [23]. The stron
enhancement of the field above the surface as well as
marked frequency selectivity may be of use in imagin
or integrated optic devices. Finally, this enhanced fie
could also be used for making evanescent-wave ato
mirrors [24].

In addition, the direct calculation of DOS based o
the generalized field propagator technique as presented
this Letter should be useful for the investigation of finite
size PBG structures with arbitrary shaped scatterers or
random scattering systems.
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